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Chapter 1
Introduction
In 1920s, Finnish mathematician Rolf Nevanlinna built the systematic analytical
machinery connected with meromorphic functions, which made the value distribution
theory acquired a complete form. Conventionally, the classical value distribution the-
ory is regarded as Nevanlinna’s theory[13]. Since then, the value distribution theory
of meromorphic functions occupies one of the central places in Complex Analysis.
Over one hundred years, the research has been highly developed and largely extended
of its results to varied classes of functions, such as meromorphic functions in arbi-
trary plane regions and Riemann surfaces, algebroid functions, functions of several
variables, meromorphic curves and so on. In last decades, extensive research of value
distribution has been infiltrated into its connections with other areas of mathematics,
like topology, differential geometry, measure theory, potential theory. Significantly,
some essential achievements have its applications mainly in the analytic theory of
differential equations, normal family theory and iteration theory. It is worth men-
tioning that mathematicians like Hayman, Ahlfors, Tsuj, Shimizu, Eremenko, Drasin,
Langley, Goldberg, Yang, Ostrovskii, Bergweiler, Zheng, Yamanoi and many others
have made great contributions to value distribution theory, which they made a cer-
tain completeness and fairly expanded. However, this study of even most classical
problems has not been brought to an end. On the contrary, more and more new open
problems and conjectures are proposed, which are triggering our modern research and
further investigation. It is essential and urgent to exploit more extensive results and
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find answers for new problems, either for new development or wide applications of
value distribution.
In this thesis, a meromorphic function will mean that on the complex plane unless
otherwise stated. One of the aims of the value distribution theory of meromorphic
function is to study the distribution of its zeros and poles. For a transcendental
meromorphic function f , it is an interesting problem to confirm whether the differen-
tial monomial of the form f l(f (k))n can assume every value infinitely often (possibly
except for zero) or not. In fact, the topic of this thesis has been motivated mainly
by one of Hayman’s result [11], which was stated in 1959 that for a meromorphic and
transcendental function f in the plane, either f assumes every finite value infinitely
often or f (l) assumes every finite value except possibly zero infinitely often, with l
being a positive integer and a, b being constants, b 6= 0. Since then it has triggered
actively investigations during last 50 more years, many papers have been devoted to
this problem. However, most of them dealt with the case when k, l, n are not too
small integers. As for the case when k, l, n are small, there are still problems left
unsolved completely. For example , when k = 1, l and n are any integers, existed
results did not give a unified answer to identify the value distribution property of
f l(f ′)n. In the light of this discovery, the remained cases are taken into account in
this thesis.
The main tools are radically Nevanlinna characteristics and its properties. How-
ever, a large part of this work has involved a recent result of Yamanoi, as well as an
improved method based on Li and Yang’s.
The first chapter is occupied by historical exposition and the course of development
around value distribution theory.
The second chapter introduces the basics and preliminaries, including Nevalinna
characteristics, the deficient values, the Fist and Second Fundamental Theorem, Ya-
manoi’s Inequality.
The third chapter is devoted to studying the value distribution of f l(f (k))n with
l, n, k being integers greater than 1. This chapter is part of the paper [15]. In the
beginning, it mainly introduces the background connected this topic and gives a se-
ries of past results by years. Especially one of Lahiri and Dewan’s results is given for
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comparison use. New results in this chapter includes two theorems and a corollary,
which is a part of the important corollary 4.1.5. Theorem 3.1.3 is an estimate of char-
acteristic function T (r, f) in terms of the counting function N
(
r, 1/(f l(f (k))n − a)).
Corollary 3.1.5 is stated that, for a transcendental meromorphic function f in C and a
nonzero constant a, f l(f (k))n assumes every finite value except possibly zero infinitely
often, with k, l, n being positive integers all greater than 1. Theorem 3.1.4 is related
to deficiency calculation resulted in Theorem 3.1.3. In last session, Theorem 4.1.2
is another application of Theorem 3.1.3 to the sum of deficiencies. The proofs of all
new theorems are given in this chapter.
The fourth chapter treats the value distribution of f 2(f ′)n with n ≥ 2. This topic
shares the research background as specified in Chapter 3. This chapter is part of
the paper [14]. The core result is Theorem 4.1.2, which is an estimate of T (r, f) in
terms of counting function N (r, 1/(f 2(f ′)n − a)). Theorem 4.1.3 is a result related
to the calculation of the deficiency based on Theorem 4.1.2. The proofs of these two
theorems are given in this chapter.
The main attention of the fifth chapter is concentrated on the applications of
estimates to the normal families. At the beginning, some basis of normal families are
introduced as well the Zalcman’s Lemma, which is used as a tool. Then, two normal
criterion Theorem 5.3.4 and Theorem 5.3.6 are established and proved.
Some part of this thesis will be published in separate papers, in particular paper
[15] is a joint work with Prof. Huang.
Chapter 2
Preliminaries
This chapter will be divided into four sections. At the beginning some standard
symbols T (r, f), N(r, f), m(r, f), S(r, f) due to Nevanlinna are introduced. After
that, Nevalinna characteristics, deficient values, the Fist and Second Fundamental
Theorem are followed. At finnal it moves on to a useful tool named Yamanoi’s
Inequality.
2.1 Nevanlinna characteristics
In this thesis, f(z) is supposed to be a meromorphic function defined on the com-
plex plane C. We introduce several real functions defined on [0,∞) which characterize
the behavior of f(z). These functions will be called the Nevanlinna characteristics of
f(z), which also can be found in the monograph [10].
Proximity function
The first tool needed is the proximity function. Suppose that a 6=∞ is a complex
number, the function m(r, 1
f−a) also written m(r, a) is to describe the proximity of
f(z) to a on the circle {|z| = r}. If a =∞, we write m(r,∞) instead of m(r, f). For
convenience, we take m(r, f) in details.
Let
m(r, f) =
1
2pi
∫ 2pi
0
ln+ |f(reiϕ)|dϕ.
5
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This function also characterizes the growth of the function f(z), is sort of averaged
magnitude of log |f | on arcs of {|z| = r} where |f | is large. The function ln+ x is
defined on the semi-axis {x ≥ 0} by the equality
ln+ x = max(ln x, 0).
EXAMPLE. Let
f(z) =
3
pi2
∞∑
n=1
1
n2(z − n) .
Then
|f(z)| ≤ 3
pi2
∞∑
n=1
2
n2
= 1
outside the union of the discs |z − n| < 1
2
; therefore m(n+ 1
2
, f) = 0, n = 1, 2 · · · .
We proceed to develop some simple properties. Since
log+
∣∣∣∣∣
p∏
v=1
av(z)
∣∣∣∣∣ ≤
p∑
v=1
log+ |av(z)|,
log+
∣∣∣∣∣
p∑
v=1
av(z)
∣∣∣∣∣ ≤
p∑
v=1
log+ |av(z)|+ log p,
then
m
{
r,
p∑
v=1
fv(z)
}
≤
p∑
v=1
m {r, fv(z)}+ log p,
m
{
r,
p∏
v=1
fv(z)
}
≤
p∑
v=1
m {r, fv(z)} .
Characteristic function
N(r, f) and T (r, f) are called the Nevanlinna characteristics of f(z). The number
of the poles of f(z) in the disc {|z| ≤ r} will be denoted by n(r, f); we assume that a
pole of order m contributes m to the value of n(r, f). It is clear that n(r, f) is integer-
valued, non-decreasing, and right semi-continuous on [0,∞). A point r0 ∈ (0,∞) is
a point of discontinuity for n(r, f) if and only if the circle {|z| = r0} contains poles
of f(z); the value of the jump at r0 is equal to the number of such poles. The set
of points of discontinuity for n(r, f) cannot have limit points in [0,∞); therefore on
each interval [a, b] ⊂ [0,∞) the function n(r, f) is piecewise constant.
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Let
N(r, f) =
∫ r
0
n(t, f)− n(0, f)
t
dt+ n(0, f) ln r.
A root of the equation f(z) = a (1/f(z) = 0 for a =∞) will be called an a−point of
the function f(z) for a ∈ C ∪ {∞}.
It is clear that the functions n(r, 1
f−a) and N(r,
1
f−a) characterize the moduli of
the a−points of the function f(z), that is, the moduli of the roots of the equation
f(z) = a. This characteristic also describes the location of the poles of f(z). n¯(r, f)
is denoted by the number of the poles of f(z) in the disc {|z| ≤ r}, ignoring the
multiplicities.
Denote by n1
(
r, 1
f−a
)
the number of a−points of the function f(z) in the disc
{|z| ≤ r}, where an a−point of order m is counted m− 1 times. The related charac-
teristics N1
(
r, 1
f−a
)
and N¯
(
r, 1
f−a
)
in the same way as N
(
r, 1
f−a
)
defined.
For example,
N¯(r, f) =
∫ r
0
n¯(t, f)− n¯(0, f)
t
dt+ n¯(0, f) ln r.
We proceed to develop some simple properties. Note that if a1, · · · , ap are any
complex numbers, then evidently if f(z) is the sum or product of the function fv(z),
then the order of a pole of f(z) at a point z0 is at most equal to the sum of the orders
of the poles of the fv(z) at z0. Thus we deduce
N
{
r,
p∑
v=1
fv(z)
}
≤
p∑
v=1
N {r, fv(z)} ,
N
{
r,
p∏
v=1
fv(z)
}
≤
p∏
v=1
N {r, fv(z)} .
We call T (r, f) characteristic function of f(z) if we write
T (r, f) = m(r, f) +N(r, f).
It plays a cardinal role in the whole theory of meromorphic functions. By applying
the above properties of N(r, f) and m(r, f), we deduce
T
{
r,
p∑
v=1
fv(z)
}
≤
p∑
v=1
T {r, fv(z)}+ log p,
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T
{
r,
p∏
v=1
fv(z)
}
≤
p∑
v=1
T {r, fv(z)} .
In particular taking p = 2, f1(z) = f(z), f2(z) = a, where a is a constant, we deduce
T (r, f + a) ≤ T (r, f) + log+ |a|+ log 2. Therefore
|T (r, f)− T (r, f − a)| ≤ log |a|+ log 2.
Small function
Let f(z) be a meromorphic function. Denote by ρ(f) the order of f(z),
ρ(f) = lim sup
r→∞
log T (r, f)
log r
.
f is of finite order if ρ(f) <∞, f is of infinite order if ρ(f) =∞.
Denote by S(r, f) an arbitrary function defined on {0 ≤ r <∞} and such that:
1) If f(z) is of finite order, then S(r, f) = O(log r) as r →∞.
2) If f(z) is of infinite order, then S(r, f) = O(log(rT (r, f))) as r →∞, excluding,
possibly, a set of closed intervals in [0,∞) with finite total length. If S(r, f) is defined
as above, we have an immediate deduction from Hayman [12, Theorem 2.3] that
S(r, f) = o(T (r, f)) asr →∞.
We shall call ϕ(z) a small function if T (r, ϕ(z)) = o(T (r, f)), as r → ∞, possibly
outside a set of finite linear measure. We as well use another type of function S∗(r, f)
which has the property S∗(r, f) = o (T (r, f)) as r → ∞, r 6∈ E, where E is a set of
logarithmic density 0, which means
λ(E) = lim sup
r→∞
1
log r
∫ r
1
T (r, f)
r
dr = 0.
Geometric interpretation
Denote by S0 the Riemann sphere, and by ω = p(w), the map inverse to the
stereographic projection of S0 onto the extended complex w−plane. Let w and a be
two different points in the extended complex plane. Denote by [w, a] the length of the
line segment joining the points p(w) and p(z) on the sphere S0. Since the diameter of
S0 is equal to 1, we see that [w, a] ≤ 1 for each pair of pints. It is easy to check that
[w, a] =
|w − a|√
1 + |w|2√1 + |a|2 , w, a 6=∞,
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[w,∞] = 1√
1 + |w|2 .
The ratio of the length elements on S0 and on the w−plane is equal to
dp(w)
dw
=
1
1 + |w|2 ,
and the ratio of the area elements dω(w) on S0 and dσ(w) on the w−plane is equal
to
dω(w)
dσ(w)
=
( |dp(w)|
|dw|
)2
=
1
(1 + |w|2)2 .
We introduce the spherical derivative of a meromorphic function f(z) by
f#(z) =
|f ′(z)|
1 + |f(z)|2 =
|dp(f(z))|
df(z)
|df(z)|
dz
=
dp(f(z))
|dz| .
It is easy to see that the function f#(z) is continuous at each finite point of the
z−plane.
Suppose that the function w = f(z) maps the disc {|z| ≤ r} onto the Riemann
surface Fr. The average number of sheets of the surface Fr can be determined as the
quotient of the area of Fr in the spherical metric and the area of the sphere S0, which
is pi. If we denote the average number of sheets by
A˚(r, f) =
1
pi
area(Fr) =
1
pi
∫ ∫
Fr
dω(w) =
1
pi
∫ ∫
|w|≤∞
n(r, w)dω(w)
. On the other hand,
A˚(r, f) =
1
pi
∫ ∫
|z|≤r
(
dω(w)
dσ(z)
)
dσ(z) =
1
pi
∫ ∫
|w|≤r
(
f#(z)
)2
dσ(z).
Let f(z) be a non-constant meromorphic function. If f(0) 6= a, we let
m˜(r, a) =
1
2pi
∫ 2pi
0
log
1
[f(reiϕ), a]
dϕ− log 1
[f(0), a]
,
and if f(0) = a, we let
m˜(r, a) =
1
2pi
∫ 2pi
0
log
1
[f(reiϕ), a]
dϕ− log
√
1 + |a|2
cλ(a)
, a 6=∞,
m˜(r,∞) = 1
2pi
∫ 2pi
0
log
1
[f(reiϕ), a]
dϕ− log |cλ(0)|,
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where cλ(z) is the first non-zero coefficient in the Laurent series of f(z) = a in a
neighborhood of z = 0. Observe that the integral from the definition of m˜(r, a) is
different from the one in the definition of m(r, a): now the distance between f(reiϕ)
and a is not the plane distance, but the length of a chord of the Riemann sphere.
The function
T˜ (r, f) =
∫ r
0
A˚(t, f)
t
dt
is called the Shimizu-Anlfors characteristic of f(z).
2.2 The First and Second Fundamental Theorem
Before we proceed to the theorems, we introduce the Jensen formula [10, p.13],
which can be written as
N
(
r,
1
f
)
−N(r, f) = 1
2pi
∫ 2pi
0
ln |f(reiθ)|dθ − ln |cλ|. (2.1)
The First Fundamental Theorem
The precise statement of ”the first fundamental theorem of the value distribution
theory” named by Nevanlinna is given in the following theorem.
Theorem 2.2.1 [10, p.16] Let f be a non-constant meromorphic function in the
plane. Then
m(r,
1
f − a) +N(r,
1
f − a) = T (r, f) + ε(r, a)
for each complex number a 6=∞, where ε(r, a) = O(1) as r →∞.
The proof of the first fundamental theorem is referred to the book [10, p.16].
Theorem 2.2.1 can be regarded as the following property of the characteristic
T (r, f):
T
(
r,
1
f − a
)
= T (r, f) +O(1).
Theorem 2.2.2 [10, p.99] If f(z) is a meromorphic function, then (k=1,2,3,. . . )
T (r, f (k)) ≤ (k + 1)T (r, f) + S(r, f), (2.2)
S(r, f (k)) = S(r, f). (2.3)
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Theorem 2.2.3 [10, p.99] If f(z) is a meromorphic function, then (k=1,2,3,. . . )
m
(
r,
f (k)
f
)
= S(r, f) (2.4)
In the case k = 1, it is called the ”lemma on the logarithmic derivative” [10, p.91].
The Second Fundamental Theorem
The second fundamental theorem is the deepest and the most important result
of the value distribution theory. we state as following without the proof, the readers
can refer to the book [10, p.96].
Theorem 2.2.4 [10, p.96] Suppose that f(z) is a meromorphic function that is not
identically constant, and let a1, · · · , aq be distinct complex numbers, one of which
may be equal to ∞. Then
q∑
v=1
m(r, av) ≤ 2T (r, f)−N1(r) + S(r, f).
Where
N1(r) =
q∑
v=1
m(r, av) = N
(
r,
1
f ′
)
+ 2N(r, f)−N(r, f ′).
Theorem 2.2.4 also implies:
q∑
v=1
(m(r, av) +N1(r, av)) ≤ 2T (r, f) + S(r, f). (2.5)
(q − 2)T (r, f) ≤
q∑
v=1
N¯(r, av) + S(r, f). (2.6)
Above two inequalities are used in the following chapters.
2.3 Deficient values
The quantity δ(a, f) is called the Nevanlinna deficiency (or simply deficiency) of
the function f(z) at the point a, δ(a, f) is defined by
δ(a, f) = lim inf
r→∞
m(r, 1/(f − a))
T (r, f)
= 1− lim sup
r→∞
N(r, 1/(f − a))
T (r, f)
.
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If δ(a, f) > 0, then a is called a Nevanlinna exceptional value, or deficient value.
Another deficiency is defined by the quantity
Θ(a, f) = 1− lim sup
r→∞
N¯(r, 1/(f − a))
T (r, f)
.
It is clear that 0 ≤ δ(a, f) ≤ Θ(a, f) ≤ 1.
Denote by ε(a) the quantity
ε(a) = lim inf
r→∞
N1 (r, 1/(f − a))
T (r, f)
,
and call it the ramification index (or simply the index) of the function f(z) at the
point a.
Picard values Let f(z) be a meromorphic function. a is called a Picard ex-
ceptional value of a function f(z) if the number of its a−points in C is finite.
Theorem 2.3.1 [10, p.99] A transcendental meromorphic function f(z) cannot
have more than two Picard exceptional values.
Deficiency relation Let f(z) be a meromorphic function. a1, . . ., aq are ar-
bitrary pairwise distinct complex numbers. The deficiency relation is followed from
(2.5) as following:
q∑
v=1
{δ(av) + ε(av)} ≤ 2.
It is one of the main results of the Nevanlinna theory.
2.4 Yamanoi’s Inequality
Yamanoi’s Lemma is a result related the Gol’dberg Conjecture, which concerns
the link between the poles of a meromorphic function and the zeros of its derivatives.
Gol’dberg conjecture Let the function f be transcendental and meromorphic in
the plane, and let k ≥ 2. Then
N¯(r, f) ≤ N
(
r,
1
f (k)
)
+ o(T (r, f)).
In 2013, Yamanoi [30] gained a result closely connected this conjecture.
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Theorem 2.4.1 Let f be a meromorphic and transcendental function in the complex
plane and let k ≥ 2 be an integer, A ⊂ C be a finite set of complex numbers. Then
we have
(k − 1)N¯(r, f) +
∑
a∈A
N0
(
r,
1
f − a
)
≤ N
(
r,
1
f (k)
)
+ S∗(r, f), (2.7)
where
N0
(
r,
1
f − a
)
= N
(
r,
1
f − a
)
− N¯
(
r,
1
f − a
)
.
Remark. There is obviously a special case of Yamanoi’s result when A is an empty
set. The following special case is the one we use in our proof,
(k − 1)N¯(r, f) ≤ N
(
r,
1
f (k)
)
+ S∗(r, f). (2.8)
We named inequality 2.8 by Yamanoi’s inequality, which is used as an improtant tool
in Chapter 3.
Chapter 3
The value distribution of f l(f (k))n
for positive integers k > 1, l, n
Let f be a transcendental meromorphic function in C, l, n, k be integers greater
than 1 and a be a nonzero constant. Then
T (r, f) ≤ 1
l − 1N
(
r,
1
f l(f (k))n − a
)
+ S∗(r, f).
3.1 An improvement estimate of Lahiri and De-
wan’s theorem
The following well-known estimate is due to Hayman [12, Theorem 3.5].
Theorem 3.1.1 Let f be a meromorphic and transcendental function in the plane, l
be a positive integer, and a, b be constants with b 6= 0. Then
T (r, f) ≤
(
2 +
1
l
)
N
(
r,
1
f − a
)
+
(
2 +
2
l
)
N¯
(
r,
1
f (l) − b
)
+ S(r, f). (3.1)
Hayman also concluded a corollary from the previous inequality.
Corollary Under the same assumptions as in Theorem A, either f assumes every
finite value infinitely often or f (l) assumes every finite value except possibly zero in-
finitely often.
14
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Moreover, Hayman conjectured that if f is a transcendental meromorphic function
and l ≥ 1, then f lf ′ takes every finite nonzero value infinitely often. This conjecture
has been confirmed by himself in [12] for l ≥ 3, by Mues [23] for l = 2 and by
Bergweiler and Eremenko [3] for l = 1. During the past decades, a sequence of
related research have been made. In 1982, Doeringer [8, Corollary 1] proved that
for a transcendental meromorphic function f , the only possible Picard exceptional
value is zero for a differential monomial f l(f (k))n when l ≥ 3. In 1994, Tse and Yang
[28] gave an estimate of T (r, f) for l = 1 and l = 2 and confirmed the only possible
Picard exceptional value is zero. In 1996, Yang and Hu [31, Theorem 2] proved that
if δ(0, f) > 3/(3(l + n) + 1) with positive integers k, l, n, then for a nonzero finite
complex number a, f l(f (k))n − a has infinitely many zeros. In 2002, Li and Wu [20]
obtained that for a nonzero finite complex number a and positive integers l, k with
l ≥ 2, there exists a constant M > 0 such that
T (r, f) < MN¯
(
r,
1
f lf (k) − a
)
+ S(r, f).
In 2003, Wang [29] studied the zeros of f lf (k) − φ for a small meromorphic function
φ(z) 6≡ 0, and verified that for l ≥ 2, f lf (k) − φ had infinitely many zeros if the
poles of f were multiple. In 2004, Alotaibi [2] gave an estimate and showed that the
function f(f (k))n − φ has infinitely many zeros for a small function φ(z) 6≡ 0, when
n ≥ 2.
We introduce a result given by Lahiri and Dewan [17, Theorem 3.2].
Theorem 3.1.2 Let f be a transcendental meromorphic function and a, α be both
small functions of f without being identically to zero and infinity. If ψ = αf l(f (k))n,
where l(≥ 0), n(≥ 1), k(≥ 1) are integers, then
(l + n)T (r, f) ≤ N¯ (r, f) + N¯
(
r,
1
f
)
+ nN(k)
(
r,
1
f
)
+ N¯
(
r,
1
ψ − a
)
+ S(r, f),(3.2)
where N(k)(r, 1/f) is the counting function of zeros of f with multiplicity q counted
min{q, k} times.
Remark. Inequality (3.2) implies that for l ≥ 3, n ≥ 1, k ≥ 1,
T (r, f) ≤ 1
l − 2N
(
r,
1
f l(f (k))n − a
)
+ S(r, f), (3.3)
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then
δ(a, ψ) ≤ Θ(a, ψ) ≤ 1− l − 2
nk + n+ l
. (3.4)
However, this result is still worth refining. we obtained an estimate corresponding
to the case k, l, n all greater than 1, and in the proof, we use the inequality 2.8
derived from Yamanoi’s Inequality.
We continue to consider the general form f l(f (k))n − a for a nonzero constant a.
The following theorem improved Theorem 3.1.2 in some sense.
Theorem 3.1.3 Let f be a transcendental meromorphic function in C, l, n, k be
integers greater than 1 and a be a nonzero constant. Then
T (r, f) ≤ 1
l − 1N
(
r,
1
f l(f (k))n − a
)
+ S∗(r, f). (3.5)
Remark. If the differential monomials f l(f (k))n is allowed to take l ≥ 2, n ≥ 2, k ≥ 2,
then (4.1) is better than (3.3) with the except of a finite set of logarithmic density 0.
If the case k = 1, l ≥ 3 or n = 1, l ≥ 3 occurs, (3.3) might be the best choice so far.
Another important remark should be made here. As we realized that for general
form f l(f (k))n, except the cases stated in Theorem 3.1.2 and Theorem 3.1.3, two cases
are inevitably excluded: l = 1, n ≥ 1, k ≥ 1 and l = 2, n ≥ 1, k ≥ 1. We summarize
the known estimates of these two cases. For the case l = 2, n = k = 1, Zhang [35]
obtained a quantitative result, proving that the inequality T (r, f) < 6N(r, 1/(f 2f ′ −
1))+S(r, f) holds. For the case l = 2, n = 1, k > 1 the the inequality is due to Huang
and Gu [13]. For the case l = 1, n ≥ 2, k ≥ 1, by Li and Yang [19] and Alotaibi [2]
gave two different inequalities for the estimates independently. For the case l = n = 1,
k ≥ 1, again Alotaibi [1] obtained an estimate provided that N1)
(
r, 1
f (k)
)
= S(r, f),
where N1)
(
r, 1
f (k)
)
is the counting function of simple zeros of f (k), as well, Wang [29]
gave an estimate but under the additional condition that multiplicities of all poles of
f are at least 3 and N1)(r, 1/f) ≤ λT (r, f), where λ < 1/3 is a constant.
Though these cases are excluded in Theorem 3.1.3, our estimate is considered
to be stronger compared to the known results so far. Furthermore, it is natural to
estimate the deficiency of f l(f (k))n by making use of Theorem 3.1.3. This leads us to
the following.
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Theorem 3.1.4 Let f be a transcendental meromorphic function in C, k, l, n be
positive integers all greater than 1 and a be a nonzero constant. Then
δ(a, f l(f (k))n) ≤ 1− l − 1
nk + n+ l
.
Remark. Since for a nonzero constant a, δ(a, f l(f (k))n) < 1, Theorem 3.1.4 also
implies that the possible Picard exceptional value of f l(f (k))n is zero for k ≥ 2, l ≥ 2,
n ≥ 2. We like to state these results as a corollary here.
Corollary 3.1.5 Under the same conditions as Theorem 3.1.3, f l(f (k))n assumes
every finite value except possibly zero infinitely often.
3.2 Proof of Theorem 3.1.3
Before we proceed to the proofs of the theorems, we need the following lemmas.
Lemma 3.2.1 Let f be a transcendental meromorphic function in the plane. Then
the differential monomial
ψ = f l(f (k))n
is transcendental, where l, n and k are positive integers.
Proof. Since we have
1
f l+n
=
(
f (k)
f
)n
1
ψ
.
We obtain from Theorem 2.2, Theorem 2.4 and the First Fundamental Theorem that
(l + n)T (r, f) ≤ nT
(
r,
f (k)
f
)
+ T
(
r,
1
ψ
)
≤ nN
(
r,
f (k)
f
)
+ T
(
r,
1
ψ
)
+ S(r, f)
≤ nk
[
N¯(r, f) + N¯
(
r,
1
f
)]
+ T
(
r,
1
ψ
)
+ S(r, f). (3.6)
Since N¯(r, f) ≤ N¯(r, ψ) + S(r, f) and N¯
(
r, 1
f
)
≤ N¯
(
r, 1
ψ
)
+ S(r, f), we can
simplify inequality (3.6) to
(l + n)T (r, f) ≤ (2nk + 1)T
(
r,
1
ψ
)
+ S(r, f).
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Because f is transcendental, we conclude that ψ is transcendental.
Lemma 3.2.2 Let f be a transcendental meromorphic function in C, let k, l, n be
positive integers, and set
g = f l(f (k))n − 1.
Then,
T (r, g) ≤ O (T (r, f)) ,
as r →∞, possibly outside a set of finite linear measure.
Proof. Note that N
(
r, f l(f (k))n
)
= O(N(r, f)) and m
(
r, f (k)/f
)
= S(r, f) by Theo-
rem 2.2. Applying the First Fundamental Theorem, we get
T (r, g) = T
(
r, f l(f (k))n − 1)
= N
(
r, f l(f (k))n
)
+m
(
r, f l(f (k))n
)
+O(1)
≤ O (N(r, f)) + lm(r, f) + nm (r, f (k))++O(1)
≤ O (N(r, f)) + lm(r, f) + nm(r, f) + nm
(
r,
f (k)
f
)
+O(1)
= O (T (r, f)) + S(r, f).
We can see that
T (r, g′) ≤ N(r, g′) +m(r, g) + S(r, g) ≤ T (r, g) + S(r, g).
Hence
T (r, g) ≤ O (T (r, f)) .
Proof of Theorem 3.1.3.
Without loss of generality, we assume a = 1. g = f l(f (k))n − 1. By Lemma 3.2.1,
we know that g is not constant. Since
1
f l+n
=
(
f (k)
f
)n
− g
′
f l+n
(
g
g′
)
,
it follows that
m
(
r,
1
f l+n
)
≤ m
(
r,
g
g′
)
+m
(
r,
g′
f l+n
)
+ S(r, f).
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Note that
g′
f l+n
= l
f ′
f
(
f (k)
f
)n
+ n
f (k+1)
f
(
f (k)
f
)n−1
,
which implies
m
(
r,
g′
f l+n
)
= S(r, f).
Therefore, we have
m
(
r,
1
f l+n
)
≤ m
(
r,
g
g′
)
+ S(r, f).
We know that the poles of g′/g come from the zeros and poles of g, and all are
simple. The poles of g/g′ come from zeros of g′ which are not zeros of g, preserving
multiplicity. Hence, we get
N
(
r,
g′
g
)
= N¯
(
r,
1
g
)
+ N¯(r, g), (3.7)
and
N
(
r,
g
g′
)
= N
(
r,
1
g′
)
−
(
N
(
r,
1
g
)
− N¯
(
r,
1
g
))
. (3.8)
By combining (3.7) with (3.8),
N
(
r,
g′
g
)
−N
(
r,
g
g′
)
= N¯(r, g) +N
(
r,
1
g
)
−N
(
r,
1
g′
)
. (3.9)
By Lemma 3.2.2, we know that
m(r, g′/g) = S(r, g) ≤ S(r, f), N¯(r, g) = N¯(r, f).
Applying the First Fundamental Theorem and (3.9),
m
(
r,
1
f l+n
)
= (l + n)m
(
r,
1
f
)
≤ N
(
r,
g′
g
)
−N
(
r,
g
g′
)
+m
(
r,
g′
g
)
+ S(r, f)
≤ N
(
r,
g′
g
)
−N
(
r,
g
g′
)
+ S(r, g) + S(r, f)
= N¯(r, f) +N
(
r,
1
g
)
−N
(
r,
1
g′
)
+ S(r, f). (3.10)
Here we add N(r, 1/f l+n) to both sides of inequality (3.10), then
(l+ n)T
(
r,
1
f
)
≤ N¯(r, f) +N
(
r,
1
g
)
−N
(
r,
1
g′
)
+N
(
r,
1
f l+n
)
+S(r, f). (3.11)
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Note that g′ = f l−1
(
f (k)
)n−1 (
lf (k)f ′ + nff (k+1)
)
, which implies
(l − 1)N
(
r,
1
f
)
+ (n− 1)N
(
r,
1
f (k)
)
≤ N
(
r,
1
g′
)
. (3.12)
Substituting (3.12) into (3.11), we get
T
(
r,
1
f l+n
)
≤ N¯(r, f) +N
(
r,
1
g
)
+N
(
r,
1
f l+n
)
− (l − 1)N
(
r,
1
f
)
−(n− 1)N
(
r,
1
f (k)
)
+ S(r, f).
Hence,
(l+n)T (r, f) ≤ N
(
r,
1
g
)
+N¯(r, f)+(n+1)N
(
r,
1
f
)
−(n−1)N
(
r,
1
f (k)
)
+S(r, f).
(3.13)
Inequality (2.8) implies that for k ≥ 2,
(k − 1)N¯(r, f) ≤ N
(
r,
1
f (k)
)
+ S∗(r, f). (3.14)
Now by combining inequality (3.13) and (3.14), we have
(l + n)T (r, f) ≤ N
(
r,
1
g
)
+
1
k − 1N
(
r,
1
f (k)
)
+ (n+ 1)N
(
r,
1
f
)
−(n− 1)N
(
r,
1
f (k)
)
+ S(r, f) + S∗(r, f).
Since 1/(k − 1)− n+ 1 ≤ 0 for n ≥ 2, k ≥ 2, then
(l + n)T (r, f) ≤ N
(
r,
1
g
)
+ (n+ 1)N
(
r,
1
f
)
+ S∗(r, f). (3.15)
Since l − 1 > 0 and (n+ 1)N (r, 1/f) ≤ (n+ 1)T (r, f), then
T (r, f) ≤ 1
l − 1N
(
r,
1
f l(f (k))n − 1
)
+ S∗(r, f). (3.16)
Replacing the number 1 in f l(f (k))n − 1 by any nonzero constant a, the inequality
(4.1) is obtained. The proof is completed.
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3.3 Proof of Theorem 3.1.4
Set ψ = f l(f (k))n. Inequality (3.16) is stated that
T (r, f) ≤ 1
l − 1N
(
r,
1
ψ − a
)
+ S∗(r, f) (3.17)
for l ≥ 2, n ≥ 2, k ≥ 2. By the definition of δ(a, f) and the First Fundamental
Theorem, we obtain
T (r, ψ) ≤ (nk + n+ l)T (r, f) + S(r, f)
≤ nk + n+ l
l − 1 N
(
r,
1
ψ − a
)
+ S∗(r, f). (3.18)
By combining two inequalities (3.17) and (4.18), we have
N
(
r,
1
ψ − a
)
≥ l − 1
nk + n+ l
T (r, ψ)− S∗(r, f).
Since
T (r, f) =
1
l
T (r, f l) ≤ T (r, (f (k))n)+ T (r, ψ)
≤ O (T (r, ψ)) ,
then we deduce that
lim inf
r→∞
S∗(r, f)
T (r, ψ)
= lim inf
r→∞
S∗(r, f)
T (r, f)
T (r, f)
T (r, ψ)
= 0.
Therefore, by the definition of deficiency,
δ(a, ψ) = 1− lim sup
r→∞
N
(
r, 1
ψ−a
)
T (r, ψ)
≤ 1− lim sup
r→∞
l−1
nk+n+l
T (r, ψ)− S∗(r, f)
T (r, ψ)
≤ 1− l − 1
nk + n+ l
+ lim inf
r→∞
S∗(r, f)
T (r, ψ)
= 1− l − 1
nk + n+ l
.
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3.4 The sum of deficiencies
After Yamanoi’s result was published in 2013, there are some results about defi-
cieny relations came out by using his important theorem. We take a result from Fang
and Wang [9] as a good example here, and we analogue their steps to get an estimate
of the sum of deficiencies of f l(f (k))n.
Theorem 3.4.1 [9, Propostion 2] Let f be a meromorphic and transcendental
function in the complex plane, k be a positive integer, and P be the set of all polyno-
mials. Then ∑
b∈C
δ(b, f (k)) ≤ 1− (k − 1) (1−ΘE (∞, f (k))) ,
where for r 6∈ E,
ΘE
(∞, f (k)) = 1− lim sup
r→∞
N¯(r, f (k))
T (r, f (k))
,
where E(=M(K)∪E1), M(K) is a set of finite upper logarithmic density and E1 is
a set of finite measure.
We need the following lemma for our calculation. This lemma is as well used in
paper [9].
Lemma 3.4.2 [12, p. 33] Let a1, a2, · · · , aq, where q > 2, be distinct finite complex
numbers. Then
q∑
i=1
m
(
r,
1
f − ai
)
≤ m
(
r,
q∑
i=1
1
f − ai
)
+O(1).
Theorem 3.4.3 Let f be a transcendental meromorphic function in C, k, l, n be
positive integers all at least 2 and ai ∈ C be constants, i = 1, 2, · · · , q. Then
q∑
i=1
δ(ai, f
l(f (k))n) ≤ 1 + 1
nk + n+ l
.
Proof. By Nevanlinna theory, for constants ai ∈ C, the sum of deficiencies of function
f are defined by
q∑
i=1
δ(ai, f) = lim inf
r→∞
q∑
i=1
m
(
r, 1
f−ai
)
T (r, f)
. (3.19)
Chapter 3: The value distribution of f l(f (k))n for positive integers k > 1, l, n 23
Let ψ = f l(f (k))n. By Lemma 3.4.2, we have
q∑
i=1
m
(
r,
1
ψ − ai
)
≤ m
(
r,
q∑
i=1
1
ψ − ai
)
+O(1)
≤ m
(
r,
q∑
i=1
ψ′′
ψ − ai
)
+m
(
r,
1
ψ′′
)
+ S(r, f)
≤ T (r, ψ′′)−N
(
r,
1
ψ′′
)
+ S(r, f)
≤ N(r, ψ′′) +m(r, ψ′′)−N
(
r,
1
ψ′′
)
+ S(r, f)
≤ N(r, ψ) + 2N¯(r, ψ) +m(r, ψ)−N
(
r,
1
ψ′′
)
+ S(r, f)
. (3.20)
By Yamanoi’s Inequality (2.8), it follows from inequality (3.20) that
q∑
i=1
m
(
r,
1
ψ − ai
)
≤ T (r, ψ) + 2N¯(r, ψ)− N¯ (r, ψ) + S(r, f)
≤ T (r, ψ) + N¯(r, f) + S(r, f)
≤ T (r, ψ) + T (r, f) + S(r, f). (3.21)
By Theorem 3.1.3 and Theorem 3.1.4, it follows from inequality (3.21) that,
q∑
i=1
m
(
r,
1
ψ − ai
)
= lim inf
r→∞
q∑
i=1
m
(
r, 1
ψ−ai
)
T (r, ψ)
≤ 1 + lim inf
r→∞
T (r, f)
T (r, ψ)
+ S(r, f)
≤ 1− 1
l − 1
1− lim sup
r→∞
N
(
r, 1
ψ−a
)
T (r, ψ)
− 1

= 1− 1
l − 1 (δ (a, ψ)− 1)
≤ 1− 1
l − 1
(
1− l − 1
nk + n+ l
− 1
)
= 1 +
1
nk + n+ l
.
Chapter 4
The value distribution of f2(f ′)n for
positive integer n > 1
This chapter is part of the paper [14]. Let f be a transcendental meromorphic
function in the complex plane C, and a be a nonzero constant. We give for positive
integers n(≥ 2) and k,
T (r, f) ≤
(
3 +
6
n− 1
)
N
(
r,
1
af 2(f ′)n − 1
)
+ S(r, f).
4.1 An estimate
In the last decades, a flock of articles on the topic of value distribution of f l
(
f (k)
)n
were sprang up, where l, n, k are positive integers. All of these fruits surprisingly
make this topic practically close to complete, some results are even very concise and
simple, for example Lahiri and Dewan [17] proved for l ≥ 3,
T (r, f) ≤ 1
l − 2N
(
r,
1
f l (f (k))
n − a
)
+ S(r, f).
Tse and Yang [28], Li and Yang [19], Alotaibi [2] and Wang [29] gave different esti-
mates when l = 1, but with the restriction to n or some other additional conditions.
Zhang [35] obtained that the inequality T (r, f) < 6N(r, 1/(f 2f ′− 1))+S(r, f) holds.
Later on Huang and Gu [13] extended to monomial function with high derivatives as
follows.
24
Chapter 4: The value distribution of f 2(f ′)n for positive integer n > 1 25
Theorem 4.1.1 [35, 13] Let f be a meromorphic and transcendental function in the
plane and let k be a positive integer. Then
T (r, f) ≤ 6N
(
r,
1
f 2f (k) − 1
)
+ S(r, f).
As for the general form of the functions f l (f ′)n, there are already enough estimates
for any case except the case f 2 (f ′)n. For l ≥ 3, a result was given by Lahiri and
Dewan [17, Theorem 3.2]. For l = 1, Alotaibi [2, 1] discussed this case in separate
discussion on n = 1 and n > 1. For the case l = 2, n = 1, as Theorem A [35, 13]
showed.
After we summarized all cases, we found there is no similar results as Theorem
A for the function f 2 (f ′)n, but with some additional conditions. For example, Yang
and Hu [31, Theorem 2] proved that, for positive integers k, l, n and a nonzero finite
complex number a, f 2 (f ′)n− a has infinitely many zeros if δ(0, f) > 3/(3(l+n)+1),
where δ(0, f) is the deficiency of f at the value 0. In fact, the case n = 1 is usually
discussed as a special hard case to deal with since the method to gain an estimate is
always different from that for the case n > 1. This phenomenon can be discovered
from Alotaibi’s two papers [2, 1] or Zhang and Huang’s papers [35, 13].
We set our aim at removing the additional conditions to get an estimate of T (r, f)
with respect to the function f 2 (f ′)n for n > 2. We obtained a result by improving
the method due to Li and Yang [19], in their paper, they gave an estimate of T (r, f)
with respect to f
(
f (k)
)n
for n > 2.
Theorem 4.1.2 Let f be a transcendental meromorphic function in C, n(≥ 2) be a
positive integer and a(6≡ 0,∞) be a small function of f . Then
T (r, f) ≤
(
3 +
6
n− 1
)
N
(
r,
1
af 2 (f ′)n − 1
)
+ S(r, f). (4.1)
Theorem 4.1.3 Under the conditions of Theorem 4.1.2, then
δ(a, f2 (f ′)n) ≤ 1− n− 1
6(n+ 1)2
.
Corollary 4.1.4 Under the same conditions as Theorem 4.1.2, f 2 (f ′)n assumes ev-
ery finite value except possibly zero infinitely often.
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Remark. In fact, this kind of result is not brand new. There are already a couple of
known results implying that for any positive integers k, l, n, the function f l(f (k))n
assumes every finite value except possibly zero infinitely often. The readers should see
Lahiri and Dewan [17, 18], Steinmetz [27], Wang [33], Alotaibi [2, 1] and Li and Wu
[20] for further details. Therefore we make a final conclusion resulted from Corollary
3.1.5, 4.1.4 in combination with known results.
Corollary 4.1.5 Let f be a transcendental meromorphic function in C, l, n, k be
positive integers. Then f l(f (k))n assumes every finite value except possibly zero in-
finitely often.
4.2 Proof of Theorem 4.1.2
We need following two lemmas to proceed our proofs.
Lemma 4.2.1 [32] Let f be a meromorphic satisfying f (k) 6≡ 0. Then
N
(
r,
1
f (k)
)
≤ N
(
r,
1
f
)
+ kN¯(r, f) + S(r, f).
Proof of Theorem 4.1.2. Set ψ = af 2 (f ′)n − 1. Then
ψ′ = a (f ′)n
(
a′
a
f 2 + 2ff ′ + nf2
f ′′
f ′
)
.
Set ψ′ = a (f ′)n F , where
F =
(
a′
a
f 2 + 2ff ′ + nf 2
f ′′
f ′
)
. (4.2)
Set F = −hf2 + 2f ′f , where
h = −a
′
a
− nf
′′
f ′
.
Assume any zero of f ′ do not make a infinity, then any zero of f ′ can only probably
be a simple pole of F , and poles of f ′ are also poles of F rather than zeros of F ,
furthermore, N(r, F ) = 2N(r, f) + N¯(r, f). Then
N
(
r,
1
ψ′
)
≥ N
(
r,
1
a (f ′)n
)
+N
(
r,
1
F
)
− N¯
(
r,
1
f ′
)
,
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which implies
N
(
r,
1
F
)
≤ N
(
r,
1
ψ′
)
−N
(
r,
1
a (f ′)n
)
+ N¯
(
r,
1
f ′
)
≤ N
(
r,
1
ψ′
)
− nN
(
r,
1
f ′
)
+ N¯
(
r,
1
f ′
)
. (4.3)
Inequality (4.2) can be written by
f ′ =
1
2
(
F
f
+ hf
)
.
Set G = F/f = −hf + 2f ′. Assume a 6= 0,∞ at the poles of f , then since poles of f
are also poles of G just known by doing some simple calculations, which means poles
of f can not be zeros of G. Therefore
N
(
r,
1
G
)
≤ N
(
r,
1
F
)
+ S(r, f). (4.4)
Differentiating f ′ to be
f ′′ =
1
2
(
(h′ +
1
2
h2)f +G′ +
1
2
hG
)
.
We write f ′′ = 1
2
(Df + E), where E = G′+ 1
2
hG, D = h+ 1
2
h2, and D is a differential
polynomial in h with multiplicities of poles at most 2. Then(
f ′′
f ′
h−D
)
f = E − f
′′
f ′
G.
Obviously, E − f ′′
f ′ G can be expressed as
E − f
′′
f ′
G = GG∗,
where
G∗ =
E
G
− f
′′
f ′
=
G′
G
+
1
2
h− f
′′
f ′
=
G′
G
+
(
1
2
+
1
n
)
h+
a′
na
. (4.5)
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Let N1) (r, 1/f) denote by the counting function with respect to the simple zeros
of f , ignoring the multiplicities. Then a zero of f but not a zero of f ′ is not a pole of(
f ′′
f ′ h−D
)
. Hence
N1)
(
r,
1
f
)
≤ N¯
(
r,
1
GG∗
)
+ S(r, f)
≤ N¯
(
r,
1
G
)
+ N¯
(
r,
1
G∗
)
+ S(r, f). (4.6)
Since h = −a′/a−nf ′′/f ′, by the definition of G∗ in (4.5), we know that the poles
of G∗ come from the zeros of G, or the poles of G or h with the multiplicities at most
1. Nevertheless, since G = −hf + 2f ′, poles of G come from poles of f and h. Poles
of h come from zeros or poles of f ′. Because m(r,G∗) = S(r,G) = S(r, f), then
T (r,G∗) ≤ N
(
r,
1
G
)
+ N¯
(
r,
1
f ′
)
+ N¯(r, f) + S(r, f). (4.7)
It follows from inequalities (4.6) and (4.7) that
N¯1)
(
r,
1
f
)
≤ 2N
(
r,
1
G
)
+ N¯
(
r,
1
f ′
)
+ N¯(r, f) + S(r, f). (4.8)
Since
N¯
(
r,
1
ψ + 1
)
= N¯
(
r,
1
af 2 (f ′)n
)
≤ N1)
(
r,
1
f
)
+ N¯
(
r,
1
f ′
)
+ S(r, f). (4.9)
Note that ψ is transcendental by Lemma 3.2.1, then it follows from Lemma 4.2.1
that
N
(
r,
1
ψ′
)
≤ N
(
r,
1
ψ
)
+ N¯(r, f) + S(r, f). (4.10)
By inequalities (2.6), we have for n ≥ 2,
T (r, ψ) ≤ N¯
(
r,
1
ψ
)
+ N¯
(
r,
1
ψ + 1
)
+ N¯ (r, ψ) + S(r, ψ)
≤ N¯
(
r,
1
ψ
)
+ 2N
(
r,
1
G
)
+ 2N¯
(
r,
1
f ′
)
+ 2N¯ (r, f) + S(r, f)
by (4.8), (4.9)
≤ 2N
(
r,
1
ψ′
)
+ N¯
(
r,
1
ψ
)
+ 2(2− n)N
(
r,
1
f ′
)
+ 2N¯ (r, f) + S(r, f)
by (4.3), (4.4)
≤ 3N
(
r,
1
ψ
)
+ 4N¯ (r, f) + S(r, f) by (4.10).
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On the other hand,
T (r, f2 (f ′)n) ≥ N(r, f2 (f ′)n) = 2N(r, f) + nN(r, f ′) (4.11)
= (2 + n)N(r, f) + nN¯(r, f) (4.12)
≥ 2(n+ 1)N¯(r, f). (4.13)
Then it follows from the inequality (4.11) that
T (r, f2 (f ′)n) ≤
(
3 +
6
n− 1
)
N
(
r,
1
ψ
)
+ S(r, f). (4.14)
Since m
(
r, f (k)/f
)
= S(r, f), then
m(r, (f ′)n) =
n
n+ 2
m(r, (f ′)n+2)
≤ n
n+ 2
m
(
r,
(
f ′
f
)2)
+
n
n+ 2
m(r, f2 (f ′)n) +O(1)
≤ n
n+ 2
m(r, f2 (f ′)n) + S(r, f). (4.15)
In addition,
N(r, (f ′)n) = N(r, f2 (f ′)n)− 2N(r, f) +O(1)
≤ N(r, f2 (f ′)n)− 2N¯(r, f) +O(1). (4.16)
By inequalities (4.15) and (4.16)
(4.18)T (r, f) =
1
2
T (r, f2) ≤ T (r, (f ′)n) + T (r, f2 (f ′)n)
≤ T (r, f2 (f ′)n). (4.17)
Hence, it follows from inequality (4.18) that
T (r, f) ≤
(
3 +
6
n− 1
)
N
(
r,
1
ψ
)
+ S(r, f).
4.3 Proof of Theorem 4.1.3
Set ψ = f 2 (f ′)n − 1. Since
T (r, f) ≤
(
3 +
6
n− 1
)
N
(
r,
1
ψ
)
+ S(r, f).
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By the definition of δ(a, f) and the First Fundamental Theorem, we obtain
T (r, ψ + 1) ≤ (2n+ 2)T (r, f) + S(r, f)
≤ 6(n+ 1)
2
n− 1 N
(
r,
1
ψ
)
+ S(r, f). (4.18)
We have
N
(
r,
1
ψ
)
≥ n− 1
6(n+ 1)2
T (r, ψ + 1)− S(r, f).
Since
T (r, f) =
1
2
T (r, f2) ≤ T (r, (f ′)n)+ T (r, ψ + 1)
≤ O (T (r, ψ + 1)) ,
then we deduce that
lim inf
r→∞
S(r, f)
T (r, ψ + 1)
= 0.
Therefore, by the definition of deficiency,
δ(a, ψ + 1) = 1− lim sup
r→∞
N
(
r, 1
ψ
)
T (r, ψ + 1)
≤ 1− lim sup
r→∞
n−1
6(n+1)2
T (r, ψ + 1)− S(r, f)
T (r, ψ + 1)
≤ 1− n− 1
6(n+ 1)2
+ lim inf
r→∞
S(r, f)
T (r, ψ)
= 1− n− 1
6(n+ 1)2
.
Chapter 5
Applications of value distribution
to normal families
For a meromorphic function f , three normality criteria for the family of the func-
tions with the form f l(f (k))n are established, with positive integers l, k, n.
5.1 Normal families
Normal families of meromorphic functions are most naturally studied using the
spherical metric, which has been introduced in Chapter 1. Three normality criterion
are established.
Definition 5.1.1 A family F of functions meromorphic in a domain D is normal
in D if every sequence {fn} ⊆ F contains a subsequence which converges spherically
uniformly on compact subsets of D.
We take an example of normal families from [26, p.73].
EXAMPLE. Define
fn(z) =
n2
1− n2z2 =
1
n−2 − z2 , n = 1, 2, 3, . . . .
31
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Then fn(z) converges to −z−2 = f(z) normally in C, resulting in the normality of
{fn}. On the other hand,
f ′n(z) =
2n4z
(1− n2z2)2 =
2z
(n−2 − z2)2
satisfies f ′n(0) = 0, whereas the limit function (z 6= 0), F (z) = 2z−3, is ∞ at z = 0.
We include that {f ′n} is not normal in any neighbourhood of the origin.
As the Fundamental Normality Test lies at the very core of the subject of normal
families.
Fundamental Normality Test Let F be a family of meromorphic functions
on a domain D which omit thee distinct values a, b, c in C. Then F is normal in D.
5.2 Zalcman Lemma
More than three decades ago, Lawrence Zalcman (see [34]) proved a heuristic
lemma characterizing normal families of analytic and meromorphic functions on plane
domains. Another valuable heuristic tool in the study of normal families is the Bloch
principle stated as follows: let us look at the statements
(a) If a meromorphic function satisfies a condition P in the complex plane, then it
must be a constant function.
(b) If a family of meromorphic functions satisfies the condition P in a arbitrary
complex domain, then the family is normal.
In common, what is understood to be the Bloch principle is when (a) implies (b)
and the converse of the Bloch principle is then the statement when (b) implies (a).
Zalcman’s Lemma is an important characterization of normality and a very im-
portant tool in establishing normality criterion. It has brought to kinds of extensions
for different conditions. In our case, the following version is needed.
Lemma 5.2.1 [5] Let F be a family of meromorphic functions in a complex domain
D, all of whose zeros have multiplicity at least k with k ∈ N. If F is not normal at
z0 ∈ D, for each α ∈ R : −1 < α < k, there exist,
(1) points zj ∈ D : zj → z0 as j →∞;
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(2) positive real numbers ρj : ρj → 0 as j →∞; and
(3) functions fj ∈ F , such that ρ−αj fj(zj + ρjζ) → g(ζ) locally uniformly with
respect to the spherical metric on compact subsets of C as j →∞, where g is a
nonconstant meromorphic function on C.
The original form α = 0 of this lemma is due to Zalcman [34], while the case
−1 < α < 1 was proved by Pang [24, 25].
Lemma 5.2.2 [6, 22] A normal meromorphic function has order at most 2. A
normal entire function (Yosida function) is of exponential type.
5.3 Two new normality criterion
Theorem 5.3.1 [11] Let n ≥ 5 be an integer, a, b ∈ C and a 6= 0. If, for a
meromorphic function f ,
f ′ + afn 6= b
for all z ∈ C, then f must be a constant.
Theorem 5.3.2 [24, 25] Let n ≥ 3 be an integer, a, b ∈ C, a 6= 0 and F be a family
of meromorphic functions in a domain D. If f ′ + afn 6= b for all f ∈ F , then F is a
normal family.
lahiri proved the following criterion for the normality by using Zalcman’s lemma.
Theorem 5.3.3 [16] Let F be a family of meromorphic functions in a complex do-
main D, a, b ∈ C such that a 6= 0. Define
Ef =
{
z ∈ D : f ′(z) + a
f(z)
= b
}
.
If there exists a positive constant M such that |f(z)| ≥ M for all f ∈ F whenever
z ∈ Ef , then F is a normal family.
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Theorem 5.3.4 Let F be a family of meromorphic functions in a complex domain
D ⊂ C, all of whose zeros have multiplicity at least k, a(6= 0) and b be two complex
constants in C, l1, l2, n1, n2 and k be positive integers at least 2, such that l1n2 = l2n1.
For every f ∈ F , put
Ef =
{
z ∈ D : f(z)l1(f (k)(z))n1 + a
f(z)l2(f (k)(z))n2
= b
}
.
If there exists a constant M > 0 such that |f(z)| ≥M whenever z ∈ Ef for all f ∈ F ,
then F is a normal family in D.
The above theorem improved one of results of K.S. Charak and J. Rieppo (see[4]
Theorem 3). When considering l1 = l2, n1 = n2, we obtain a special case of Theorem
5.3.4, furthermore, a new normality criterion for the family of f l
(
f (k)
)n
concerning
share values is established, which generalized the results of Theorem 2 [21].
Theorem 5.3.5 Let F be a family of meromorphic functions in a complex domain
D, all of whose zeros have multiplicity at least k, m, n, k ≥ 2 be positive integers, a
be any nonzero constant. If for every f ∈ F , there exists a positive constant M such
that |f(z)| > M whenever f(z)l (f (k)(z))n = a, then F is a normal family in D.
Theorem 5.3.6 Let F be a family of meromorphic functions in a complex domain
D, the multiplicities of all zeros of f are at least k, m, n, k ≥ 2 be positive integers,
and a, b be nonzero finite complex constants. If for any f(z) ∈ F , f(z)l(f (k)(z))n =
a⇔ f (k)(z) = b, then F is a normal family in D.
5.4 Proof of theorems 5.3.4
For the proof of the theorems we need the following lemmas:
Lemma 5.4.1 [7, Lemma 3] Let n ≥ 2, m, k be three positive integers and a be a
finite non-zero complex number. If f is a rational but not a polynomial function and
f has only zeros of multiplicity at least 2, then f l(f (k))n − a has at least two distinct
zeros.
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Proof of Theorem 5.3.4 Suppose that F is not normal at z0 ∈ D. Let α:−1 < α < k,
by Lemma 5.2.1, there exist a sequence of points {zj} inD, with zj → z0 as j −→∞; a
sequence of positive numbers {ρj} with ρj → 0, and a sequence of functions {fj} ∈ F ,
such that gj(ζ) = ρ
−α
j fj(zj + ρjζ) → g(ζ) spherically uniformly on compact subsets
of C as j →∞, where g(ζ) is a nonconstant meromorphic function in C.
Since the algebraic complex equation x+ a
xn2/n1
− b = 0 has at least a nonzero so-
lution in C, similarly, for the meromorphic function gl(z)(g(k)(z))n ∈ C, the equation
g(z)l
(
g(k)(z)
)n
+
a(
g(z)l (g(k)(z))
n)n2/n1 − b = 0
has solutions.
Therefore, taking l2 = (n2/n1)l1, now by Corollary 4.1.5 in combination with
Lemma 5.4.1, there exists a point ζ0 ∈ C, such that
g(ζ0)
l1(g(k)(ζ0))
n1 +
a
g(ζ0)l2(g(k)(ζ0))n2
− b = 0, (5.1)
which implies g(ζ0) 6= 0, ∞. Then there exists a function sequence of function
gj(ζ) → g(ζ) uniformly in a closed disk ∆(ζ0; δ) for some 0 < δ < 1, as j → ∞.
Taking α = kn1
n1+l1
, then
(gj)
l1
(
g
(k)
j
)n1
+
a
(gj)
l2
(
g
(k)
j
)n2 − b = (fj)l1 (f (k)j )n1 + a
(fj)
l2
(
f
(k)
j
)n2 − b.
Thus
(fj)
l1
(
f
(k)
j
)n1
+
a
(fj)
l2
(
f
(k)
j
)n2 − b
has the uniform limit of
gl1(g(k))n1 +
a
gl2(g(k))n2
− b in ∆(ζ0; δ).
In view of (5.1), we apply Hurwitz’s theorem to get a sequence {ζj} ∈ ∆(ζ0; δ), such
that {ζj} converges to ζ0 and for all large j
(fj(zj + ρjζj))
l1
(
f
(k)
j (zj + ρjζj)
)n1
+
a
(fj(zj + ρjζj))
l2
(
f
(k)
j (zj + ρjζj)
)n2 = b.
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Hence, for all large enough j, zj + ρjζj ∈ Ef , by assumption, there exists a positive
M , such that |fj(zj + ρjζj)| ≥M , which implies
|gj(ζj)| ≥Mρ−kn1/(n1+l1)j , (5.2)
then
lim
j→∞
gj(ζj) = g(ζ0) =∞,
which contradicts with the fact g(ζ0) 6= ∞. Therefore the proof of Theorem 5.3.4 is
completed.
Proof of theorem 5.3.5 We take the special case of l1 = l2 = l ≥ 2, n1 = n2 = n ≥ 2
in Theorem 5.3.4, for all f ∈ F and put
Ef = {z ∈ D : f(z)l(f (k)(z))n + a
2
f(z)l(f (k)(z))n
= 2a}.
Because f(z)l(f (k)(z))n = a, if and only if z ∈ Ef . By the assumption of Theorem
5.3.5, if there exists a positive constant M such that |f(z)| > M for all f(z) ∈ F ,
then F is a normal family in D. This completed the proof.
5.5 Proof of theorem 5.3.6
Suppose that F is not normal in D and α = kn
m+n
. By Lemma 5.2.1, there exist
a sequence of points {zj} in D with zj → z0; a sequence of positive numbers {ρj} as
ρj → 0; a sequence of functions {fj} ⊂ F , such that gj(ζ) := ρ−αj fj(zj + ρjζ)→ g(ζ)
spherically uniformly on compact subsets of C as j →∞, where g(ζ) is a nonconstant
meromorphic function in C, the order of g(ζ) is at most 2, in the case of holomorphic
of g(ζ), then the order is at most 1, by Hurwitz’s theorem, we know the multiplicities
of zeros of g(ζ) are also at least k.
We claim: (i) g(ζ)l
(
g(k)(ζ)
)n 6= a; (ii) g(k)(ζ) 6= 0.
Proof of (i) To the contrary, suppose that there exists a point ζ0, such that
g(ζ0)
l(g(k)(ζ0))
n = a.
Firstly, we confirm gl(g(k))n 6≡a.
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If g(ζ) is a nonconstant rational function in C, then the claim gl(g(k))n 6≡a is true.
If g(ζ) is a nonconstant transcendental function, consider the case of gl(g(k))n ≡ a,
thus g(ζ) 6=∞, so g(ζ) is a holomophic function with the order at most 1. Moreover
we know g(ζ) 6= 0, otherwise if there exists a point ζ∗, such that g(ζ∗) = 0, then ζ∗ as
well must be a pole of g(k)(ζ) so that it satisfies the equation gl(g(k))n ≡ a, which is
not impossible. Hence g(ζ) can be written to be g(ζ) = ecζ+d, (see[12], p. 19), where
c(6= 0), d are constants, then g(ζ)l (g(k)(ζ))n = cnke(m+n)(ζ+d) 6≡a, it is a contradiction.
Hence gl(g(k))n 6≡a, then we know there exists a sequence points of ζj → ζ0, such
that for large enough j,
(gj(ζj))
l
(
g
(k)
j (ζj)
)n
= (fj(zj + ρjζj))
l
(
f
(k)
j (zj + ρjζj)
)n
= a.
By the assumption of Theorem 5.3.6, we get f
(k)
j (zj + ρjζj) = b, with a 6= 0, b 6= 0,
we obtain
ρ−αj |fj(zj + ρjζj)| = m
√∣∣∣ a
bn
∣∣∣ · ρ−αj , (5.3)
g
(k)
j (ζj) = ρ
−α+k
j
f
(k)
j (zj + ρjζj) = ρ
kl
l+n
j b. (5.4)
The inequalities (5.3) and (5.4) imply
g(ζ0) = lim
j→∞
gj(ζj) = lim
j→∞
ρ−αj |fj(zj + ρjζj)| =∞, (5.5)
g(k)(ζ0) = lim
j→∞
g
(k)
j (ζj) = 0, (5.6)
comparing (5.5) with (5.6), we have a contradiction. Therefore the claim (i) is true.
(ii) We suppose that there exists a point ζ0, such that g
(k)(ζ0) = 0, which implies
g(ζ0) 6=∞ and g(k)(ζ)6≡0, or if g(k)(ζ) ≡ 0, g(ζ) is a polynomial function with degree
at most k − 1, which contradicts with the fact that g(ζ) has the multiplicity of zeros
at least k.
Since gj(ζ)→ g(ζ), then
g
(k)
j (ζ)− ρ
kl
l+n
j b −→ g(k)(ζ),
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by the fact g(k)(ζ)6≡0, we get a sequence {ζj}, as ζt → ζ0, such that for all large j,
g
(k)
j (ζj)− ρ
kl
l+n
j b −→ g(k)(ζ0) = 0
which implies ρ
kl
l+n
j
(
f
(k)
j (zj + ρjζj
)
− b) = 0 for large j, we get f (k)j (zj + ρjζj) = b for
large j. Again by the assumption of Theorem 5.3.6, we have
(gj(ζj))
l
(
g
(k)
j (ζj)
)n
= (fj(zj + ρjζj))
l
(
f
(k)
j (zj + ρjζj)
)n
= a.
Hence
lim
j→∞
(gj(ζj))
l
(
g
(k)
j (ζj)
)n
= (g(ζ0))
l (g(k)(ζ0))n = a,
which is a contradiction with g(k)(ζ0) = 0 for a 6= 0, then the claim (ii) is true.
Next we prove g(ζ) is a constant.
g(ζ) is a rational function, otherwise g(ζ) is a transcendental function, (g(ζ))l (g(k)(ζ))n =
a has solutions by Corollary 4.1.5, which contradicts with the claim (i).
If g(ζ) is a polynomial function, by claim (ii),we may write g(ζ) = c0(ζ − d0)k,
where c0(6= 0), d0 are non-constants. By easy calculations, the equation (g(ζ))l (g(k)(ζ))n =
a has solutions, which contradicts with the claim (i).
If g(ζ) is a rational but not a polynomial function, then by Lemma 5.4.1, (g(ζ))l (g(k)(ζ))n =
a has solutions, which contradicts with the claim(i).
So g(ζ) is a constant, which contradict with the fact g(ζ) is a nonconstant function.
Therefore F is a normal family. The proof of Theorem 5.3.6 is completed.
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